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Grobner Bases 1 Introduction These notes attempt to present in a self-contained manner the basic facts about
the theory of Grobner basis and related algorithms. Except for an excellent survey on the subject by
Buchberger Buchberger 1985 the literature on the subject is somewhat scattered. Since our interest is in
complexity of algorithms, we attempt to give quantitative forms of theorems whenever possible. Of course,
much of this material is ultimately owed to B. Buchberger even if not explicitly mentioned. A Grobner basis is a
special basis for a multivariate polynomial ideal over a field with certain attractive computational properties. It
turns out that many important computational problems involving ideals can be easily solved once we have a
Grobner basis for the ideals. Such bases were first defined by Hironaka in 1964 who called them standard bases.
Buchberger independently defined the concept in his PhD thesis in 1965, naming it in honor of his teacher, W.
Grobner. Hironaka only proved the existence of such bases; Buchberger gave an algorithm (the basic algorithm
in section 3) to construct them. More generally, this area falls under that of computational algebraic geometry.
Hilbert is often cited as launching the mainstream modern mathematical trend which favors non-constructive
results. In particular Hilbert solved the outstanding problem in the theory of invariants via his celebrated Basis
Theorem: that every polynomial ideal has a finite basis. In a sense, he invented his solution of Basis Theorem
because his solution was not in the spirit of what the geometers of his day (Gordon was the principal
representative) were trying to do. The geometers were trying to give...
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